By focusing 805 nm pulses of low energy (0.2-1 mJ) into atmospheric-pressure argon, a supercontinuum is generated with a shortwavelength cutoff of 640, 250 and 210 nm for initial pulse durations of 45, 10 and 6 fs, respectively. It is shown numerically that the large shift of the UV cutoff and many features of the spectrum are caused by terms beyond the slowly-varyingenvelope approximation (SVEA). Their effect on pulse compression and filament length is also discussed.
pushed into the UV, we measured supercontinuum spectra using pulses of τ p = 45 fs down to 6 fs and different interaction lengths z. A simple proportionality to τ −1 p z is not confirmed and in principle cannot be expected, because continuum generation in the case of few-cycle pulses involves effects beyond a simple self-phase modulation model. Hence, we use a model that includes higher-order terms such as self-steepening and show that many features of the observed spectra can be reproduced. The experimental results thus provide a simple test case for the model. In contrast to previous studies, complications such as multiple filamentation, averaging over many pulses or molecular effects such as stimulated Raman scattering are avoided in our experiment.
The supercontinuum produced by the short pulses not only provides a large bandwidth for spectroscopy, but might also be an attractive and rugged source of short or compressible pulses tunable over such a wide wavelength range. In fact, the range near 800 nm has been further compressed in Zürich to 5.1 fs [18] . However, valence excitation of molecules usually requires wavelengths in the UV spectral region. The supercontinuum is broad enough that pulses in this region with near 1 fs duration could be calculated in the transform limit (which would require a smooth spectral phase). Sub-femtosecond pulses in the soft x-ray region, suitable for probing after such an excitation, are already available [19] . On the other hand, our first attempt at pulse compression using radiation cut out near the UV cutoff reached a pulse duration of 70 fs, which is still far from the transform limit [16] . It would therefore be desirable to understand in more detail the properties of this radiation, in particular near the UV cutoff, and how it depends on the initial laser pulse parameters. The model calculations presented here also serve this purpose.
Experimental method and results
The experimental method is described in [16] . Briefly, we focused up to 1 mJ of the 45 fs pulses of a commercial Ti-saphire laser system (800 nm) by an f = 2 m concave mirror into a windowless first glass cell (length 1.5 m) with slowly flowing argon at ambient pressure (950 mbar). After recollimation and reflection from chirped mirrors, the pulses had a duration of 10 fs. By a variable diaphragm they were reduced in diameter ( 5 mm) and energy ( 0.35 mJ) and then refocused (f = 1 m) into a second such cell. The emerging radiation was integrated over its cross-section before analysis took place in a spectrograph. The resulting spectrum '10 fs, 0.35 mJ' is shown in figure 1(a) . The spectrum '45 fs, 1 mJ' in this figure was obtained in the same setup by skipping the first cell and the chirped mirrors. The results with the pulse length τ p = 6 fs and energy 0.2 mJ were obtained by focusing pulses of this duration (from the laser system LWS01 at Garching, described in [20] ) into the second cell. The two shorter pulses have the same peak power (33) (34) (35) and the longer one is slightly weaker (22 GW) .
It is obvious from figure 1(a) that the shorter the pulses, the farther in the UV is the cutoff. It is pushed from 250 to 210 nm in going from 10 to 6 fs. This displacement is much smaller than for the pair 45/10 fs. It is also smaller than a frequency extension ω proportional to τ −1 p , that was suggested in [16] (see also [17] ). This expectation was based on the idea that Kerreffect self-phase modulation contains the derivative of the intensity I and that the maximum dI/dt ∝ τ −1 p . However, in such a simple model ignoring higher-order terms and propagation effects, the shifts of the phase and frequency should also be ∝ z, the interaction length at high intensity [16, 17] . We found that the length z f of the luminescing filament was indeed shorter with the shortest pulses, as roughly judged by inspection: z f = 8-10, 12 and 7.5 cm for τ p = 45, 10 The spectra in (a) are normalized at 800 nm, those in (b) at 520 nm. In (a), the feature with maximum at 350 and minimum at 344 nm is an artefact of the broad-band spectrometer.
and 6 fs, respectively; the reduced z f can thus partially compensate the larger shift by pulse shortening. The present calculation not only reproduces the spectra but also the change of the filament length (see below). Figure 1 (b) shows the effect of controlling the filament length z f , using the 10 fs pulses. This length was varied by terminating filamentation by a pinhole of diameter 150 µm, placed in the focal region at various distances D from the focusing mirror [16] ; the effect is based on eliminating the background reservoir (lower-intensity regions of the beam profile [21] - [23] ) by the pinhole [4, 24] . It can be seen that increasing D (increasing z f ) in fact initially shifts the cutoff to shorter wavelengths. But the last centimetres only give rise to an intensity increase around 300-330 nm. (The maximum at 320 nm can also be recognized in figure 1(a) in the 10 fs spectrum.) This is also found in the calculations (see below).
We also checked whether the carrier-envelope phase of the 6 fs pulses has any effect on the spectrum. But the spectra were indistinguishable, whether sine or cosine pulses were employed. Hence the carrier-envelope phase does not play a significant role in the generation of the supercontinuum.
Theoretical results and discussion
In order to get insight into the various nonlinear contributions to the continuum generation, we calculate numerically the propagation of the electric field E(r, z, t) = A(r, z, t)e −iω 0 t+ikz + c.c., where A(r, z, t) is an envelope function (normalized so that |A| 2 is the intensity). Here, we adapt a propagation equation (equation (1)) for A, that reaches beyond the slowly-varying-envelope approximation (SVEA). It was introduced by Brabec and Krausz [25, 26] and is referred to as the slowly-evolving-wave approximation. It was shown to be valid even for one-cycle pulses, if the difference of group and phase velocities is small enough [25] . Here, the underlying envelope propagation equation is written in the retarded coordinate frame (τ = t − z/v g ) as in [27] .
This equation contains higher-order terms going beyond the SVEA in the form of the operator
. The SVEA is recovered by setting T = 1. The derivative terms in T are expected to become more important with shorter pulses (initial duration τ p ), in particular if the number of cycles per pulse (= ω 0 τ p /2π) is small. These terms are responsible for effects such as selfsteepening and space-time focusing [8] , [25] - [27] .
As compared to [27] , we have neglected any time dependence of the nonlinear refractive index n 2 (which would be caused by the Raman effect in molecular gases). However, equation (1) includes all the main linear and nonlinear effects such as self-focusing, diffraction, plasma generation, group-velocity dispersion, and self-steepening. Plasma (electron density N e ) generation is calculated by
where N 0 is the neutral gas density. The ionization rate is fitted by a power law of the form
n and n = 8.22 as in [28] . For the nonlinear index of Ar, we used n 2 = 1.4 × 10 −19 cm 2 W −1 [29] . A convenient parameter is the critical power for self-focusing P cr , for which we use P cr = λ 2 /2πn 2 = 7.3 GW (λ = 800 nm). Both second-and third-order group velocity dispersion (with coefficients k = 0.2 fs 2 cm −1 and k = 0.1 fs 3 cm −1 ) are included in equation (1) . Group velocity dispersion is not negligible in the current case, even though the nonlinear interaction length (filament length ≈ 10 cm) is clearly shorter than the dispersion length (L dis = τ 2 p /(4 ln2k ) = 180 cm for an initial pulse duration of τ p = 10 fs). The numerical simulations were carried out using input conditions close to those of the experiment. Since up to the self-focusing distance, the propagation could mainly be described by linear effects, the input field for the calculations was taken as a collimated beam with a beam radius of 0.2 mm, which is taken as starting point (z = 0) for the propagation. This point is at a distance from the focusing mirror of D ≈ 92 cm. Different values of the critical power P cr and the power itself P 0 were tried out. With P cr = 7.3 GW, which is based on the published [29] n 2 value (see above) and P 0 = 3P cr , we obtain the best agreement with the experiment for the cutoff wavelength and the position of the maximum near 300 nm. Figure 2 shows spectra for the three pulse durations, calculated at different propagation distances z, integrated over the beam cross-section. In particular in the short-wavelength part, the spectra and their dependence on τ p and z are very well reproduced. (See below for the region near 800 nm.) The cutoff is strongly pushed to the UV on going from 45 to 10 fs and only a little more on reducing the pulse duration to 6 fs, just as in the experiment. Even the absolute values of the cutoff wavelengths agree with the experiment. Also the shapes of the spectra fit well: on increasing the pathlength z with the 10 fs pulses (figure 2(c)), the cutoff is not much shifted between z = 10 and 15 cm (to be discussed below); instead, the intensity around 320 nm increases, eventually giving rise to a maximum. With 6 fs, there is no clearly developed maximum in this region. Obviously, the model calculations recapture most of the experimentally observed spectral features in the UV and we obtain a more than qualitative agreement between theory and experiment.
The calculated halfwidths ( 100 nm with 10 fs, for instance; figure 2) near 800 nm are larger than observed (50-100 nm; figure 1 ). Also the maxima in this region, relative to the UV part, are lower in the calculation. We believe that this difference is caused by low-intensity spatial (and temporal) wings of the beam, deviating from a Gaussian profile. In fact in [16] , a red (800 nm) outer ring was observed, probably caused by diffraction at the input diaphragm. Due to its low intensity, it is not expected to be greatly broadened, so that it contributes a narrowhalfwidth component to the spatially integrated spectrum. Another minor deviation concerns the modulations that are seen in the spectrum in particular between 800 and 500 nm. They have a coarser structure in the calculations (figure 2) than in the experiments (figure 1). However, they are believed to result from interferences depending only on fine details of the propagation of the radiation [17] , which do not carry much information.
It is worth mentioning that the calculations were done for a single laser pulse. In the measurements, the spectra were averaged over 2 to about 10000 pulses, the latter only with the broad-band spectrometer (which has low sensitivity in the UV) in the region of the UV cutoff. In the high-intensity region of the spectra of figure 1(a) (broad-band spectrometer) and in the spectra with the UV spectrometer ( figure 1(b) ), where comparison is possible, no difference could be recognized between different degrees of averaging. In particular, fine spectral features such as the modulations are fully reproducible. This is in contrast to previous experiments under conditions of multiple filamentation, where large pulse-to-pulse variations of the spectra were observed (e.g. in [14] ) and smooth spectra were only obtained by averaging.
It is also worth noting that the good agreement in the UV (obtained for the few-cycle pulses) is obtained without taking any third-harmonic generation into account. Previous observations of such broad continua (at higher powers in air with longer pulses) invoked co-propagation of the third harmonic with the fundamental, its broadening by cross-phase modulation and eventual merging with the longer-wavelength continuum [11] - [13] . Moreover, this process could be noncritically phase matched, and the third-harmonic frequency can be shifted [30] . However, in our experiment with few-cycle pulses and relatively weak power and a single filament with long paths in Ar, a third harmonic was weaker by at least two orders of magnitude than the supercontinuum (Trushin et al, to be published).
Continuum generation usually involves many effects, and in some cases it is difficult to isolate the individual contributions. To obtain further physical insight, we compare the spectral broadening in the framework of the usual SVEA with the non-SVEA propagation models. In the former, we omitted from equation (1) the non-SVEA term by setting T = 1. The comparison is shown in figure 3 .
Obviously the SVEA model gives rise to much less broadening than observed, the cutoff is steadily blue-shifted in contrast to the experiment, and the calculated spectra do not have much similarity with the UV part of the measured spectrum. (The halfwidth is practically unaffected by the non-SVEA terms.) This is in contrast to the non-SVEA calculations ( figure 2(c) ), which reproduce the broadening and every spectral feature in the UV. These features can therefore be considered as a clear signature of the crucial role of the non-SVEA terms for the propagation of few-cycle pulses, at least for the current set of parameters. This also gives credibility to the calculated pulse shapes (see below), which are shortened by self-steepening due to the non-SVEA terms. These results are also in good agreement with the calculations of Gaeta [8] who was the first to show that even with longer pulses (100 cycles) self-steepening and space-time focusing effects are important, which causes the steepening of the trailing edge of the pulse, resulting in a broad blue-shifted pedestal spectrum (see also [27] ). The filaments terminate not only in the experiment but also in the calculation. This can already be inferred from the fact that on the last few centimetres of z, there is only little change of the spectra (figure 2). The filament lengths can, however, be better recognized in a plot of the on-axis electron density. This is shown in figure 4 .
The calculated lengths are similar to the observed ones. They shrink with the pulse durations. The second maximum for the two longer pulses is obviously caused by refocusing [23] , which has often been observed in laser pulse filamentation (see, e.g. [2] ). This refocusing seems not to work with the shortest pulses. Comparison with figure 2(c) shows that the last shift of the UV cutoff occurs just at the refocusing distance. It may also be worth noting in figure 4 that the shorter pulses give rise to slightly higher electron densities; they are connected with slightly higher intensities (not shown).
Self-focusing normally leads to self-guiding, in which Kerr-effect focusing is balanced by defocusing caused by the plasma near the axis (see e.g. the review [4] ). It is therefore not obvious why the filament should terminate. It has been suggested that losses by ionization or conical emission could be the cause [31] . But this mechanism can only apply for filaments, that are much longer (e.g. tens of metres) than ours, because the power would have to be reduced by a factor of 3-4, to below the critical power; losses were not measurable in our case [16] . The observation that filaments often terminate at a distance near the diffraction length (consistent with our observations [16] ) has been rationalized with the moving-focus model [22] ; but this model depends on the SVEA. Furthermore, much longer propagation lengths have also been observed [32] . Very recently, diffraction by the plasma was suggested to terminate the filaments [33] . (In previous experiments with longer pulses, the shorter wavelengths were in cones of larger opening angles; see, e.g., the review [4] . By contrast, with the 10 fs pulses used in our experiment conical emission was not noticeable [16] : The shortest wavelengths were on the axis, and it is worth noting that also this property is reproduced by the calculations. Indeed this has been predicted by Brabec and Krausz [25] , who pointed to the inverse non-SVEA operator T −1 in front of the diffraction term: it increases the divergence of the low-frequency components of the spectrum.) Because losses by ionization or conical emission were negligible, we supposed in [16] that the pulses are lengthened in the filament by a factor, so that the power is lowered to below P cr . Indeed, the calculation confirms this conjecture: figure 5 shows the calculated on-axis temporal intensity profiles with the different initial pulse durations. Initially the intensity on the axis grows by a factor of 3-5 due to self-focusing. Then, after sufficiently long propagation (z > 10 cm), the pulses are split and thus become longer. This is especially well evidenced for the case of 6 fs ( figure 5(a) ). At the end of the filament (z = 15 cm), the pulse is lengthened by factor of 2 to ≈12 fs. For the 10-fs case, the splitting occurs just where the electron density ( figure 4) indicates a refocusing. This lengthening is likely to also reduce the power (i.e., the intensity integrated over the cross-section) to near P cr , so that the filament is prone to terminate. The calculation also reveals that inclusion of the non-SVEA (T) and the dispersion (k and k ) terms in equation (1) both shorten the filaments (not shown).
On the other hand, the 10 and 6 fs pulses are initially (at z = 10 cm) shortened to 5.5 and 4.5 fs. This is brought about by steepening of the trailing edge, caused by a slower travelling of the peak compared with the rest of the pulse (already due to the n 2 I term, see, e.g., [4] ), and by steepening of the leading edge due to the non-SVEA terms. It is remarkable that even the shorter pulses, which contain only a few cycles, are temporarily steepened and shortened. (It is worth noting that the calculations obviously work even for few-cycle pulses, as indicated by the agreement with the measured spectrum.) Figure 5 suggests, however, that the self-shortening of the pulses could be exploited, if the filament is artificially terminated (at distances close to the centre of the first focus at z 10 cm). A method to do so would use cutting off the spatial background reservoir by a pinhole as in figure 1(b) . A recent work suggested instead to generate a filament in a pressure gradient [34] . Another recent calculation predicted a pulse shortening only after (instead of before, as in our study) a pulse splitting [35] . The latter work describes the propagation by an equation where the time dependence has been transformed to the frequency domain; it also contains self-steepening terms. These terms could be checked by the spectral features in the UV (which are easier to measure than the pulse shapes). Previous observation of pulse self-compression, starting from longer pulses, invoked a higher-order refractive index (n 4 ) [36] . (For other influences on pulse shortening also in condensed media, see [37] and literature quoted there.)
From a practical point of view, it is important to know whether such short pulse durations are also feasible all over the spectral region of this supercontinuum. The spectral phase dependence was not investigated. However, the fact, that the whole pulse splitting can increase the pulse duration at the end of the filament by not more than a factor of two, gives an upper limit. In full agreement with this limit, we were recently able to compress a spectral cut (halfwidth 9 nm) from the supercontinuum at 280 nm to about 30 fs, which is only twice as long as the pump pulse [38] . However, it is not clear whether this pulse duration is limited by intrinsic properties of the supercontinuum or by the prism compressor.
Conclusion
We demonstrated experimentally and theoretically that already by focusing pulses of moderate powers into argon-under conditions of self-focusing with only a single filament-a supercontinuum is produced, whose UV cutoff is pushed to shorter wavelengths the shorter the pulses, reaching 210 nm starting with 6 fs. (A preliminary calculation indicates that with 4 fs pulses, one could extend the spectrum far into the vacuum UV.) The calculations reproduce the observed spectra in the UV in all details. They also find that the filaments are shorter with shorter pulses, as observed. The filaments terminate due to group-velocity dispersion (although the dispersion lengths are much longer than the filaments) and non-SVEA terms. The calculations do not involve production (and co-propagation) of any third harmonic; its contribution to the spectra seems negligible, if one starts with few-cycle pulses. It was shown that non-SVEA terms also play a crucial role for the continuum spectra generated by few-cycle pulses. The spectral features near the UV cutoff can even be considered as a clear signature of these terms. They also cause self-compression of the pulses. To exploit this shortening, one should, however, limit the length of the filaments. It must still be investigated whether such short pulse durations are also feasible all over the spectral region of this supercontinuum.
